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NOTES AND REFERENCES. 


235. CONTAINS the demonstration and I think the first publication (1858) of 
Hermite’s formula alluded to 135, for the reduction of an elliptic differential to the form 


dr 

V— J +21 — 423" 
which is in fact the Weierstrassian form, the theory of which has been of late so 
extensively developed. 


241, 242. Figures of Poinsot’s stellated Polyhedra are given, Fouché et Combe- 
rousse, Traüé de Geométrie Elementaire, 8vo. Paris, 1866, and Dostor, “ Propriétés géné- 
rales des polyédres reguliers etoilés,” Liowv. t. v. (1879), pp. 209—226. 


246. In connexion with this paper, On Contour and Slope Lines (1859), I refer 
to the earlier paper, Reech, “Démonstration d’une proprieté générale des surfaces fermées,” 
Jour. Ecole Polyt. Cah. 37 (1858), pp. 169—178: the contour lines are here con- 
sidered with reference to a closed surface; the special object is the demonstration of 
the formula J[+S=M+2, where J is the number of summits, S the number of imits 
(the letters J, S being thus interchanged) and M the number of cols. I refer also 
to the paper, Maxwell, “On Hills and Dales,” Phil. Mag. t. xu. (1870), pp. 421—427, 
and Works (4to. Cambridge, 1890), t. 11. No. XLII. 


259. It would have been proper to distinguish between ab and ba, and thus for 
` instance to have presented the face-symbols of the polyhedron considered in the form 
abcd, aefb, bfge, degh, adhe, ehgf (read ab, bc, cd, da, &c.) so as to obtain therein each 
duad once in each of its two forms ab and ba, &c.: and the like as regards the 
vertex-symbols.. And so as to the edge-symbols, instead of ab=KZL, it would have 
been better to write aKbL, to be read, in like manner right-handedly, as a face- or 
vertex-symbol. 


264. See the paper, Jenkins, “On Professor Cayley’s Extension of Arbogast’s Method 
of Derivations,” Amer. Math. Jour. t. x. (1888), pp. 29—41. 


268. In connexion herewith I refer to the memoirs Mc Clintock, “On the reso- 
lution of equations of the fifth degree,” Amer. Math. Jour. t. vi. (1884), pp. 301—314, 
and “ Analysis of Quintic Equations,” Amer. Math. Jour. t. vit. (1886), pp. 45—84: the 
author considers the deater resolvent equation, which as he remarks is my equation 

Ò.. TV. (a 
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in $, ante, p. 321; the sinister resolvent equation deduced from it by reversing the 
order of the coefficients (a, b, c, d, e, f), this is in fact the equation in y obtained 
from my covariant equation, p. 323, for ® = (be xy) by writing therein «=0 (viz. 


y, McClintock =y, Cayley), but he afterwards modifies the form of this sinister 


resolvent; and a central resolvent equation for tT (= x ; Mc Clintock) = y , Cayley. 


We obtain this equation by writing in the equation for ®, c=y, y=¢, whence ®=0, 
that is the equation becomes simply AJ —25D*=0, where in the covariants A, D, J 
the original variables æ, y are to be replaced by y, ¢ respectively: viz. the equation 


thus is 

(a, b, C, d, é, S& pF. (Jo, SiOx; gb) — 25 {(D, D,, Dz, Ds Xx, $)*}? = 0, 
or what is the same thing 

(a, b, c, d, e, f Ur, 1)®.(Jo, DAT, 1)—25 {(Dy, Dı, Da, Ds¥r, 1)}2=0, 
which is the central resolvent equation for r. 

It is proper to remark that the foregoing expression AJ—25D* for the last 
coefficient of the equation in ®, which as appears p. 324 was not given in my original 
memoir, was in fact suggested to me by Mc Clintock’s formula. 

The equation in ¢ is 

$° — 100 Bot + 2000 (3B? — 4H) ¢? — 800 A V5Q' 6+ AJ— 25D? =0, 
viz. getting rid of the radical, we have 
{$° — 100 Bd‘ + 2000 (3B? — 4H) ¢? + AJ — 25 D°}? — 320000 AQ’¢?=0, 
a rational sextic equation in ¢?; and we infer that ¢? is expressible as a rational 


function of +7. But the actual expression is obtained by Mc Clintock, and constitutes 
a very important and remarkable theorem; viz. we have 


PP . DM: Di; Py D;%r, 1) A ae (Jo, J Ñr, 1) 
500... (r ba, en l Na 25 (DiE; Ds, Ds§r, N 
the two expressions in r being equal to each other in virtue of the foregoing equation 
in Tf. 
I verify this result in the case of the special quintic (a, 0, 0, 0, e, f\a, y). 
Writing with McClintock ¢?=w, the equation in ¢*, or w, here is 


(w? — 100 aew? + 6000 ae*w + 40000 ae)? — 320000 (a f* + 256 ave’) w = 0; 


and it is to be shown that, assuming as a definition of w the foregoing expressions in 
terms of r, viz. for the form in question the expressions 


w ae*r aet — af 


500 ar’+bertf? 25r 


> 


(implying of course (at>+5er+f)(er—f) —25¢7?=0 for the sextic equation in 7) the 
elimination of r from these equations leads to the just mentioned sextic equation in w. 
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The two equations are 
aw’ + 5e(w — 100 ae)r + wf=0, +r(w—20ae)+ 20 af=0, 
or, if for greater convenience we write 20ae= 0, then 


awr’ + 5e(w— 0) rT +wf=0, r(w-0) +20af=0, 


we have 
20 af 
Rie’ 
and thence À 
— 3200000 a®f* 100 aef (w — 50 
jane. i ee Oe) caf = 0, 
that is 


w (w— 6) — 50 (w — 50) (w — @)* — 3200000 aS ftw = 0, 


which should be identical with the before mentioned equation in w, that is with 


(w — 50u? + 15w +50} — (3200000 + 256 @) w = 0, 
and it is in fact at once seen that each of these equations is 
0= w 

+w*.— 100 

+ut. 556 

+ w*.— 140 & 

+w. 1756 

+ w .—106 &— 3200000 a'f‘ 

+w. 256; 


which completes the proof. The proof for the general form (a, b, c, d, e, f Ua, y} is 
similar in principle, viz. treating for the moment ¢? or w as a constant, we have 
in r a quintic equation and a cubic equation, in each of which the coefficients con- 
tain w linearly; and the elimination of r leads to the required sextic equation in w, 
but there would probably be considerable difficulty in effecting the calculations. 

It thus appears that assuming the solution of the central resolvent equation 
for rt, mee we also know ¢: I recall that for the quintic equation whose roots are 


Zi, La, Xz, La, Ly, the significations of these quantities are 


x _ (12345) — (24135) 


4. wee? PT R T a, 
where 
12345 = 12+ 23+ 34+ 45+ 51, meaning thereby aa, + 4.%, +2, +05 HLM, 
(12345) = 123 + 234 + 345 + 451 + 512 3 X CLl + LaLola + Lylyls + Lalla + Lll, 


77—2 
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viz. from the values just written down, we obtain by permutation of the roots the six 
values of each of the functions r and ġ. 


By means of these data, or say of t, =7+a—b, and v, = a, (I write v instead 
of his Vv) McClintock completes in a very elegant manner the determination of the 
rootS Sı, Lo, Lz, La, s of the quintic equation: the solution contains also the coefficients 
y 6, e € which belong to the equation deprived of its second term, viz. for the 


definition of these, we have 
(a, 6, c, d, e, f Ua, 1h=a(1, 0, x, 8, fe +a, 1 =0. 


I reproduce this solution: writing as usual 


5, = 2, + W La + we; + WH, + wiz, 
5Ug = & + wx, + WE + © L, + WE, 
5Ug = & + WL + W Ly + wx, + WL, 
DU, = Ly + wx, + WL + WL + w L, 
(w an imaginary fifth root of unity), we find the four “Eulerian” equations 
— 2y = Wty + Uzt 
— 26 = Wl + ULU + ULU, + UU 
— € + fy? — BUUU Uy = W Ua + UU + UU + Uh 
— [— 20 yò = UP+ UŠ + Us’ + U — 10 (UPU + UUU + USUjUs + UUU), 


from which t4, W, Us, u, are to be obtained. 


it is found that the first and second equations may be replaced by the two pairs 
of equations 


hu, =—y— v, Uus=—y+v 
UUs + UFU = —S— tv, Us + Ulu, = — Ò + ta. 
As to the first of these pairs, we find 
25g = HP + P+ g+ 24+ 43 
+ (@ + wt) (LLa + Lola + Lla + Lly + Ls) 


$ (w? + w°) (28 + Lla + Lols + Lt + ws), 
say this is 


25n, = Ea? + (w + wt) 12345 + (w + w*) 13524 ; 
and then similarly 


25tl = Ea? + (w? + w°) 12345 + (w + wt) 13524; 
whence 


25 (thls — Uzt) = (w + wf — w? — w°) (12345 — 13524), = V5 $, = 502, 
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if as above v= OR ; that is 
UUs = Uzly = 22, 
and combining herewith the equation 
Wla + Ug = — 2y, 
we have the first pair of equations. The second pair of equations is obtained by a 
similar process, but the work is longer, We have 
125 uu, =F + Aw + Bo + Co? + Dot 
125 u2u, = F + Aw + Bot+ Co + Do’? 
125 ugu, = F+ Aw + Bo + Cot + Dw? 
125 ugu, = F + Aw + Bw + Cw t+ Do 


where 
F= Zx? + 2a,x-2; 
A = {24135} + 2 {12345} + 2 (24135) 
= {54321} + 2 {24135} + 2 (54321) 
= {12345} + Er + 2 (12345) 
= {53142} + 2 {54321} + 2 (53142) 
where 


{24135} = x20, + w2a, + a,x, + LFE HLE, Se: 
and as before 

(24135) = L842, + LL + 2,303 + Lylylo + Lyla, &e. 
Hence 


125 (Uus + UUs — Ut — UU) = (w + wf — œ — 0) (A + D—B-—C0)=V5 (A+ D-B-O). 


Here 
A+D-B-C= {12345} — {24135} — {53142} + {54321} 


— 2[(12345) — (24135) — (53142) + (54123)], 
where, substituting the values, the first line is 


2? (a, Re Ber Ss) + x? (az el el ti oe T) + x? (a — is S |= Ly) + 22 (8s — a — t + 23) + 
Lè (€ — Ly — Lz + 2), = >’ suppose: and the second line observing that (54123) and (53142) 
are equal to (12345) and (24135) respectively, is =— 4[(12345) —(24135)], =—4y: 
hence 
A+D—-B-C=% —4y. 
But from the equations 


a = 12345 — 24135, = Ll, + Lys + Lla + Laly + LsL, — Lolly — Ll, — Vlg — Laly — Vso, 


— 5b = Lı F La + Ly + La H Ts, 
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we easily obtain 
— 5abp = 2’ + x, 
and the last result thus is 


A+D-—B-C=-—5a-b} — 5y, =—5a—b — 567, =— 56 (a + 7), 


or substituting for p and a~b+ r their values 10 V5v, and ¢, this is = — 50 V5 tv. 
Hence the value of 125 (WU, + Uku, — UU, — U2) is =— 250 tv, that is we have 

UUs + UFU — Ug Ua — UZ, = — Zt, 
and combining herewith 

Us Ug + Ug Uy + Ug Ug + Uth = — 26, 


we have the second pair of equations. 


We next write 
Zuu = — Ò — ty + 2n,, 
DUU = — Ò — tv — 2n, 
2u = — Ò + tv + 2n, 
Zuty = — Ò + tv — 2n, 
whence 
4n? = (8 + to)? + 4 (y? — P) (y +v), 
Anè = (8 — tu) + 4 (° — #) (y — 0), 
which equations determine m, na, so that wus, Wile, Uruh and uu, are now known; 
and we then have 


U” = (h°)? (Uth) + (tUs), 
Un? = (Uru)? (UeUy) + (Uru, 
Ug = (Ug Uy)? (UU) + (Uais), 
Ug? = (UPU) (WU)? + (Urta), 


+t Ar 


A 
, &C. . 
By c. p. 54 of 


my paper “On a solvible quintic Equation,” Amer. Math. Jour. t. xi. (1890), pp. 
53—58.) 


which determine wn, Us, Us, Us. (Compare herewith the formule, A= 


But, as Mc Clintock remarks, it is possible to obtain better formule: viz. these are 
už =ł4r + 4r: + Vs, + Sa, 
ue =t7r7,— {r+ V's, — Sa, 
ue = łr— 4r — Vs, — 8», 


uf =4tr,+4n%- V's, Bois 
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where 
ri = — + 20 tv’, 
m= (ye) atu (— ò + 2yt — t?) vt 
+ {Se + 2y°S + (— 2ye + È+ dry’) t+ yòt v? +, 


\ + {ye — yò’) 
a= Aer Pt er? + + 10y*v? + 5yvt, 
= rra — yv — 10y% — v. 


To prove these results write for shortness 


2m =—ò— tv, 2m, =— ò+ tv, and (as above) 2n, = Wus — UUs» 2N, = UPU — Uy, 
then 
WU =M +, UFU =M — M, UPU =M +N, UU = M, — M; 


we have Wus, = Wty . Uts = (— y +0) (—y— v), =y — 1, and the third Eulerian equation 
thus becomes 
E = Y + BV? + (Voy?) {1 U? Ugtly + UU? Wg + UU? Urla + Ust? Uata}. 


The terms within the {} are equal to 
(m, + %) (m+n) (>y +v), (m — Mm) (m — n) (y +), (m — m) (mM, +m) (— y- v), 


(m +m) (Mm, — n) (~y — v), 
respectively, and their sum is = — 4ymm, + 4unn. 


Hence putting for shortness p=4umn., = 4v (Wus — Ufu) (U2, — Uus), the third 


equation becomes 
senh An EIA + p), 


or, what is the same thing, 
p = yÈ — yte + (v — y?) (e — Y — 30). 
Again, writing the fourth Eulerian equation in the form 
Eu’ = — F — 20y + 10 {(m, + m) Wt + (M — M) thla + (My + Na) Ugly + (Ma — Na) Uzus}, 


the term in {} is 2muyu,+ MUs, =(— 6 — tv) (— y + v) + (—8 4+ tv)(— y— v), = 2yò— Qiv*, 
so that writing Zu =r,, the equation becomes 


r = — €— 20tv’, 
viz. this is the above-mentioned value of r. 
We then have r= wu" + u — uř— u, and for calculating this, we have 
(Y — PYF ur = (m + nÈ (Mm + nly — 0), 
(Y — VP uë = (m, — mM)? (M — n) (y — v}, 
(97? — PY ut = (M, +n} (m — m) (y + VY, 
(P — 8) Ue = (Mm, — n} (m +m) (y +F, 


616 NOTES AND REFERENCES. 


and thence, instead of 4vnn, which occurs on the right-hand side writing its value 
=p, we find 
(~-vy n= (m, + mz) v {p (oF +°) — 4mmay} 

+2(m,—m,) {mm (+e) py} 

+ 2 (nêm, — nèm) (ry? + v) 

— 4 (nm, + n2m,) yv. 
We have 

4n2= (8 + tu) + 4 (y — 2) (y — v), Anè = (ò — tu)? + 4 (y — i) (y + 2), 
p is given as above, and moreover m,+m,=— ô m-m=-tvọ, Mmm, =} (© -— Pr). 
Substituting these values and dividing out by (y? —v), we find after some reductions 
the value given above for 1. 


Finally we have 
4 (y — VY} = — 4 (Wu) = (wë + 8)? — 4 (ya)? — $ (T+ 72) (P+ UP) = (uP — UF P—F (Tr +72) (UP +0), 
that is 
4 (y — VF = 4 (s1 +8) — F (ri +72), 

or say 

Sts = (4r tir) + (ywy, 
and similarly 

8 — s= (4r — 4r) + (y +y 


which equations give the above-mentioned values of s, and s. 


As to Jacobs Memoir spoken of in the Addition, I refer to the paper Kronecker, 
“Ueber eine stelle in Jacobi’s Aufsatz, Observatiuncule ad theoriam æquationum perti- 
nentes,” Crelle, t. cv. (1891), pp. 349—352, which incorporates some remarks of mine 
in regard thereto. 


284, 294. The fundamental idea of these two papers is not that of “the six 
coordinates of a line,’ but (as indeed appears from the title) a somewhat different one, 
viz. I say that a curve in space may be represented by a homogeneous equation V= 0 
between six coordinates (p, q, 7, s, t, u) such that ps+gt+ru=0; this equation being 
the equation of a cone of arbitrary vertex passing through the curve in question: 
taking æ, y, z, w to be current point-coordinates and a, B, y, 8 to be the point- 
coordinates of the arbitrary vertex, then p, q, r, s, t, u are the six determinants of 
the matrix 

(#% Y, 2 w) 


lo Boy 8| 
or, what is the same thing. we have 
p=yy— ßż, s=se—- aw, 
g=az—yx, t=dy— Bu, 


r=Ba-—ay, u=ðz — yu, 


NOTES AND REFERENCES. 617 


values which satisfy ps+gt+ru=0. And I accordingly say that the equation of a line 
in space is 
Ap+Bq+Cr+ Fs + Gi+ Hu=0, 


viz, this is the equation of the cone of arbitrary vertex (a, 8, y, 5) (that is, of the 
plane through the point (a, Æ, y, 5)) which passes through the line in question. But 
I go on to say that if (a’, B’, y, 8), (a, B”, y”, 8) are the coordinates of any two 
points on the given line, or if the line be given as the intersection of the two planes 
ax + by+cz+dw=0, aa+b'y+c'z+dw=0, then in the first case 


A=d8" —a"S, F=£'y’ —B'y, 

B= BS’ — BO", G=ya" —y"e’, 

C= 9/8" -98', H=a’R" —a’B, 
and in the second case 

A=b -bc , F =ad' —-ad, 

B=c« -ca, G=bd —bvbd, 

C=ab’ -avb, H=cd' =d, 


so that in each case AF+BG+CH=0. I thus in effect, although not quite explicitly, 
define (A, B, C, F, G, H) as the “six coordinates of a line”; and after giving in terms 
of these quantities for any two lines the condition of the intersection of the two lines 
I say that any other problems in relation to the line, for instance...&¢., may also be 
solved “by means of the new coordinates.” 


Pliicker’s Memoir “On a New Geometry of Space” is published Phil. Trans. t. CLV. 
(for 1865), pp. 725—791, the paper being received Dec. 22, 1864, and the Additional 
Note appended thereto, Dec. 11, 1865. My two papers are referred to in the foot-note 
p. 784, belonging to this additional note as follows: “In two remarkable papers ‘On 
a New Analytical Representation of Curves in Space’ published in the third and fifth 
volumes of the Quarterly Journal of Mathematics, Professor Cayley employed before me 
‘in order to represent cones the six coordinates of a right line depending upon any two 
of its points. Having lately only seen the papers I hasten to mention it now. But 
besides the coincidence referred to the leading views of Professor Cayley’s paper and 
mine have nothing in common. On this occasion I may state that the principles upon 
which my paper is based were advanced by me nearly twenty years ago (Geometry 
of Space, No. 258), but this had entirely escaped my memory when I recurred to 
Geometry some time since.” 


In the work referred to, “System der Geometrie des Raumes u.s. w.” (4t0. Diissel- 
dorf, 1846), No. 258, Pliicker remarks that a straight line depends upon four constants, 
viz. its equations in point-coordinates being w=«z+A, y= pz +v, or in line-coordinates 
being t=xv+)Aw, u= pv +vw, then in either case the constants are «, à, m, v; and he 
defines these four quantities as the “four coordinates of a line.” 
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The leading idea of Pliicker’s memoir appears in the first words thereof, “I. On 
linear Complexes of Right lines.” He works at first with the four coordinates of a 
line; as long as these are arbitrary the line is any line whatever; but considering them 
as connected by a single equation, then there is he says “a Complex,” considering 
them as connected by two equations “a Congruency”, and considering them as con- 
nected by three equations “a Configuration” or ruled surface. The establishment of 
these notions of a Complex and a Congruency, and the general idea of regarding 
the line as an element in the Geometry of Space are absolutely Pliicker’s, there is 
no anticipation of them in my two papers. Later on five coordinates r, s, o, p, sp—ro 
are introduced, but the sia coordinates are first used in the Additional Note, viz. here 
instead of a non-homogeneous equation or equations between four coordinates we have 
a homogeneous equation or equations between six quantities connected by a homo- 
geneous quadric equation. It is hardly necessary to refer to the posthumous work 
Neue Geometrie des Raumes gegründet auf die Betrachtung der- geraden Linie als 
Raumelement, Leipzig, 1868 and 1869, or to later developments of the theory. 
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